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ABSTRACT 
The dynamics of a platoon of adaptive cruise control vehicles is analyzed for a general mechanical 
response of the vehicle’s powertrain. Effects of acceleration-feedback control that were not previously 
studied are found. For small acceleration-feedback gain, which produces marginally string-stable 
behavior, the reduction of a disturbance (with increasing car number  )  is found to be faster than for 
the maximum allowable gain. The asymptotic magnitude of a disturbance is shown to fall off as    (
   
  
) 
when      For gain approaching the lower limit of stability, oscillations in acceleration associated 
with a secondary maximum in the transfer function (as a function of frequency) can occur. A frequency-
dependent gain that reduces the secondary maximum, but does not affect the transfer function near 
zero frequency, is proposed. Performance is thereby improved by elimination of the undesirable 
oscillations while the rapid disturbance reduction is retained. 
Keywords: adaptive cruise control, string stability, mechanical response, platoon dynamics  
 1. Introduction 
The dynamics, in particular the string stability, of a platoon of adaptive cruise control (ACC) vehicles has 
been studied by numerous authors (see Sheikholeslam and Desoer, 1990; Ioannou and Chien, 1993; 
Swaroop et al., 1994; Swaroop and Hedrick, 1996; Liang and Peng, 1999; Liang and Peng, 2000; Treiber 
. Interest in ACC and Helbing, 2001; Li and Shrivastava, 2002; Bareket et al., 2003; Yi and Horowitz, 2006)  
vehicles is strong because they provide higher flow rates and have a lower probability  to form jams than 
conventional vehicles driven by people. A major factor in the improved performance is the elimination 
of human reaction time. Likewise, mixing ACC vehicles in with manually driven vehicles has been shown 
to improve stability and increase traffic flow (VanderWerf et al., 2002; Bose and Ioannou, 2003a; Bose 
and Ioannou; 2003b; Davis, 2004; Ioannou and Stefanovic, 2005; Kerner, B. S., 2005; Jiang and Wu, 2006; 
.Davis, 2007; Jiang et al., 2007; Kesting et al., 2008; Yuan et al., 2009)  
In recent years the effects of a time delay and a first-order time constant (associated with the vehicle’s 
mechanical response) on the stability of ACC platoons have been discussed (Zhou and Peng, 2005; Orosz 
. At low speeds the mechanical response can be slow enough et al., 2010; Orosz et al., 2011; Davis, 2012)
to be a factor in stability. At higher speeds, the faster response is not so important unless small 
headways are desired, in which case the same considerations apply as at low speed. The purpose of the 
present work is to examine the effects of mechanical response more generally and in more detail than 
what has been reported previously. 
In Sec. 2, a formalism is presented for calculating the dynamics of a platoon of ACC vehicles with a 
general response function that is not limited to a description based on an explicit delay and a first-order 
time constant.  Sec. 3 contains simulations for a realistic response function modeled after the torque 
response to a step-function change in throttle angle . The rate (Stefanopoulou and Kolmanovsky, 1999)  
at which a disturbance (such as that caused by a brief acceleration of the leading vehicle) decreases with 
increasing car number (from front to rear) is determined in Sec. 4. A frequency-dependent gain for 
acceleration-feedback control is proposed and evaluated in Sec. 5. Conclusions are drawn in Sec. 6. 
 
2. General response 
The control algorithm for the desired acceleration of each vehicle of a platoon is taken to be (Zhou and  
Peng, 2005) 
      
 
 
                                                 (1) 
The subscript “lead” designates the preceding vehicle and the parameters in Eq. (1) are the sensitivity  , 
the headway-time constant  , the coefficient of relative-velocity feedback  , and the acceleration-
feedback gain  . 
If the desired acceleration were a step function 
                                 (2a) 
                           (2b) 
the resulting acceleration would be       which has the properties 
                    (3) 
and 
                    (4) 
For an arbitrary desired acceleration the acceleration is therefore 
     ∫
      
   
            
 
 
        (5) 
To determine the transfer function      in Fourier space let 
         ∫      
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Then the control algorithm Eq. (1) and the definition Eq. (6) give 
     
 
 
    
 
 
                     
        (7) 
 
3. Simulations 
To perform simulations I introduce discrete-time control for convenience. Let the desired acceleration 
now be given by 
                                   (8) 
T is the update time, typically 0.01 s and      
      as given by Eq. (1).  [µ is an integer.] 
The acceleration is then 
     ∑                                   
 
       (9) 
Suppose a sufficiently accurate description of the response function is given by 
                                (10a) 
                      (10b) 
      
then for      
∫                ∑        
 
   
 
  
        (11) 
If    , the upper value of k in the sum in Eq. (11) is µ. Here 
                (12a) 
                      (12b) 
                  (12c) 
The velocity      and the position      of any vehicle are given by 
               ∑        
 
           (13a) 
                      
 
  ∑         
 
        (13b) 
 
To perform simulations for a realistic     , rather than a simple model with a first-order time constant 
and an explicit delay, I use the measured engine torque response curve for a step-function change in 
throttle angle See Fig. 1. The acceleration response of the (Stefanopoulou and Kolmannovsky, 1999). 
vehicle’s powertrain can be no faster than the torque response. In fact, it will undoubtedly be slower 
because of other delays. If these delays were known, they could be easily included in the present 
analysis. Because the      pertains to only 750 rpm, I do simulations for low speeds. For all results 
reported, the leading vehicle (in front of the platoon) is initially moving at        5 m/s until   = 5 s; 
then it accelerates for     5 s at        1 m/s
2 and for      s maintains a constant velocity of 10 
m/s. The parameters of the control algorithm Eq. (1) are given in Table 1. The cars in the platoon 
following the leading vehicle are numbered        from front to rear. At     all vehicles are 
moving at 5 m/s and are spaced 10 m apart (center-to-center distance). The vehicles are identical and all 
have the response function of Fig. 1. 
The absolute square of the transfer function given by Eqs. (6) and (7) for the model       of Fig. 1 is 
shown in Fig. 2 for two values of the acceleration-feedback gain,               . To have string 
stability it is well-known that |    |    for all     , which is satisfied for both gains. However, the 
secondary peak in |    |  at   2.6 rad/s for        is only slightly below 1. As a consequence, 
oscillations in the acceleration of vehicles occur following the main peak associated with accelerating 
from 5 m/s to 10 m/s. This effect is demonstrated in Fig. 3 for several vehicles. For example, the 50th car 
in the platoon has nearly a minute of oscillations reaching an amplitude of about 0.1 m/s2, which is 
undesirable for ride comfort. Increasing the gain to 0.9 significantly reduces the oscillations as shown in 
Fig. 4. By the 50th car, only a small undershoot in the acceleration is apparent. 
 
The requirement for a constraint on |    | in addition to the string-stability constraint has been 
discussed in a separate publication (Davis, 2013). The oscillations in acceleration due to the secondary 
peak in |    |  are unique to analyses that include the mechanical response of the vehicles. With 
instantaneous response, instability is only associated with |    | rising above 1 near     In such a 
scenario, the main peak would grow in magnitude with increasing car number    [It is also possible that 
the secondary peak can be greater than 1 (but |    |< 1  near      in which case the oscillations 
increase in amplitude with increasing car number   ] 
 
 
4. Peak acceleration 
To approximately calculate the decrease in peak acceleration with increasing car number, I give the 
following analysis. Let the leading vehicle acceleration be  
                       (14a) 
                       (14b) 
The Fourier transform is 
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)          (15) 
For vehicle n the acceleration is determined by 
            
                (16) 
When     the transfer function can be written as 
        (           )          (17a) 
       
                (17b) 
                      (17c) 
where 
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           (18) 
The gain   should not be so large as to make the RHS of Eq. (18) negative, otherwise the platoon would 
not be string stable . (Liang and Peng, 1999; Davis, 2012)
The inverse Fourier transform of Eq. (17) gives 
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At      
  
 
, which corresponds to the peak (maximum) acceleration, 
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In Eq. (20b),     denotes the error function. This result is compared in Fig. 5 to the peak acceleration 
calculated in simulations. The agreement is good.  Note that Eq. (20b) does not depend on      and thus 
would also apply to analyses in which the mechanical response is instantaneous. 
 
5. Frequency-dependent feedback 
Eqs. (18) and (20b) imply that there is a maximum allowable gain ξ and that smaller gains give lower 
peak acceleration. If a smoother ride due to smaller acceleration is desired, then the gain should be no 
larger than necessary to eliminate oscillations caused by the secondary peak in |    |. In this section I 
propose a frequency-dependent feedback scheme to produce better performance, although it requires 
additional memory and computation. 
Normally the gain ξ is a constant, however, the feedback can be generalized to include an  
dependence:     . This implies that the acceleration-feedback term is of the form ∫  ̃              
 
 
 
where 
 ̃    
 
 
∫               
 
 
        (21) 
A useful function for       is 
          
    
    
 
         (22) 
where   ,   and   are constants. For stability (|    |   ) it is required that [See Eq. (18).] 
   
 
 
                   (23) 
The maximum value of the second term of Eq. (22) occurs at    and the magnitude is 
      
                (24) 
 
The transform in the time domain of the second term of Eq. (22) is 
 ̃       (  
  
   
 )      
  
   
          (25) 
where 
   
   
   
                (26) 
An example of Eq. (25) is shown in Fig. 6 for parameters        and    5 rad/s. In Fig. 7, the 
corresponding frequency-dependent acceleration gain,     , with               and    5 rad/s 
is shown. The associated absolute square of the transfer function |    |  is also depicted. 
In the modification of the control algorithm Eq. (1), the acceleration–feedback now contains an 
additional term ∫  ̃          
     
 
 
 and the desired acceleration becomes 
      
 
 
                                                ∫  ̃   
             
 
 
   (27) 
For comparison to the results with the original algorithm, I show in Fig. 8 the absolute square of the 
transfer function, |    |   with a constant gain      . The secondary peak in |    |  exceeds 1. 
Consequently the vehicles of the platoon have increasingly strong oscillations in acceleration as   
increases. For example, the acceleration of the 50th car is displayed in Fig. 9. In stark contrast, no 
oscillations are observed when the frequency-dependent feedback is used.  
Finally, Fig. 10 depicts the acceleration of vehicles with the frequency-dependent feedback.  The 
improvement in smoothness (lower maximum acceleration) is demonstrated by a comparison to Fig. 4. 
 
6. Conclusions 
This paper presents a methodology to calculate the dynamic response of a platoon of adaptive cruise 
control vehicles given the mechanical response function of an individual car     . The control algorithm 
considered is based on a constant headway time, relative velocity feedback, and acceleration feedback. 
Simulations were performed using a model      that approximates the measured torque response of an 
engine . The behavior of vehicles following a leading vehicle (Stefanopoulou and Kolmanovsky, 1999)  
that accelerates at 1 m/s2 from 5 m/s to 10 m/s has been calculated. For sufficiently large acceleration-
feedback gain    the platoon is string stable and the peak acceleration decreases with increasing car 
number  . An asymptotically accurate approximation for the dependence on   is given by    (
   
  
). In 
addition to the main peak in acceleration, oscillations of period 2-3 s can occur for small gain   that 
marginally produces string stability. However, a benefit of small gain is a quicker decrease of peak 
acceleration with increasing car number and thus a smoother ride. It was demonstrated that a 
frequency-dependent gain produces better performance than a constant gain, but at the expense of 
additional computation and memory. 
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  2 s-1 
h 1 s 
D 5 m 
k 1 s-1 
  
Figure captions 
Fig. 1. A response function adapted from the “fast” torque curve at 750 rpm reported by A. G. 
Stefanopoulou and I. Kolmanovsky (Fig. 9 of ).  Stefanopoulou and Kolmannovsky, 1999
Fig. 2. The absolute square of the transfer function vs. angular frequency for two acceleration-feedback 
gains                 
Fig. 3. The acceleration of vehicles (1-50) following a leading vehicle that accelerates at 1     for 5 s. 
The velocity goes from 5 m/s to 10 m/s. Oscillations occurring after main peak are due to the secondary 
peak in |    |  at   2.6 rad/s for       . 
Fig. 4. The acceleration of vehicles (1-50) following a leading vehicle that accelerates as in Fig. 3. The 
acceleration-feedback gain is        Oscillations observed in Fig. 3 are nearly absent because the 
secondary peak in |    |  is weaker. 
Fig. 5. The peak (maximum) acceleration vs. car number   (blue diamonds) for         The red curve is 
the approximation given by Eq. (20b),          (
   
  
)       
Fig. 6. The transform in the time domain  ̃     of the frequency-dependent portion of the gain in a 
frequency-dependent acceleration-feedback algorithm with        and    5 rad/s. See Eqs. (25) 
and (26).  
Fig. 7. The absolute square of the transfer function, |    |  (blue curve), with a frequency-dependent 
acceleration gain,      (red curve), with               and    5 rad/s. See Eq. (22). 
Fig. 8. The absolute square of the transfer function, |    |  (blue curve), with a constant gain        
(red line). The secondary peak in |    |  exceeds 1. 
Fig. 9. The acceleration of the 50th car with the same leading–vehicle acceleration as in Fig. 3. The blue 
curve is for the frequency-dependent acceleration-feedback gain with               and    5 
rad/s. The red curve with strong oscillations corresponds to the transfer function in Fig. 8. 
Fig. 10. The acceleration of vehicles (1-50) with the frequency-dependent acceleration-feedback gain of 
Fig. 7 and the same leading–vehicle acceleration as in Fig. 3. 
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Fig. 10. The acceleration of vehicles (1-50) with the frequency-dependent acceleration-feedback gain of 
Fig. 7 and the same leading–vehicle acceleration as in Fig. 3. 
